In this paper paraSasakian manifolds with a constant paraholomorphic section curvature are considered.
Introduction
A Riemannian manifold is said to admit the axiom of planes if there exists a 2-dimensional totally geodesic submanifold tangent to any 2-dimensional section at every point of the manifold, and is said to admit the free mobility if there exists an isometry which carries any point and any frame attached to the point to any other point and any other frame attached to the point [2] .
It is well known that Riemannian manifold satisfies the axiom of planes or the free mobility if and only if it is of constant curvature [2] . A similar result in complex manifold is proved in [11] . It is proved that such a Kähler manifold admits the so-called axiom of holomorphic planes and the holomorphic free mobility, and conversely. For a para-Kähler manifold, the concept of paraholomorphic free mobility and the axiom of paraholomorphic planes are given in [4, 10] .
Some results on manifolds with constant nonvanishing paraholomorphic sectional curvature are given in [1] and [4] . The general expression of the metric and almost product structure of para-Kähler space form in normal coordinates is given in [3] .
Geometry of almost contact manifolds is a natural extension of the almost Hermitian geometry to the odd dimensional case. An almost contact manifolds satisfying the axiom of planes or axiom of free mobility are considered in [9] . The author prove that a Sasakian manifold satisfies the axiom of C-holomorphic planes or a Cholomorphic free mobility if and only if it is of constant C-holomorphic curvature. Similarly, the geometry of almost paracontact manifolds is a natural extension of the almost paraHermitian geometry to the odd dimensional case [12, 5] .
A paracontact structure on a real (2n+1)-dimensional manifold M is a tensor field ϕ of type (1, 1), a vector field ξ, a codimension one distribution D (horizontal bundle), locally given as the kernel of a 1-form η, D = Ker η and a paracomplex structure I = ϕ | D on D, i.e. I 2 = id and the ± eigen-distributions have equal dimension. We assume in addition that η is a para hermitian contact form in the sense that we have a non-degenerate pseudo-Riemannian metric g, which is defined on D, and compatible with η and I, dη(X, Y ) = g(X, IY ), g(IX, IY ) = −g(X, Y ), X, Y ∈ D. The signature of g on D is necessarily of (signature) type (n, n). The 1-form η is determined up to a conformal factor and hence the horizontal distribution D = Ker η become equipped with a conformal class [g] of neutral Riemannian metrics of signature (n, n). Transformations preserving a given para contact hermitian structure η, i.e. η = µη for a non-vanishing smooth function µ are called paracontact conformal (pc conformal for short) transformations [12] .
The paracomplex structure I on D is formally integrable [12] if the ± eigen-
A para-contact manifold with an integrable para-contact structure is called a para CRmanifold. A para-contact manifold is called paraSasakian if N (X, Y ) = 2dη(X, Y )ξ [12, 5] .
Any non-degenerate hypersurface in (R 2n+2 , I, g) considered with the standard flat parahermitian structure inherits a para-contact hermitian structure.
The basic example of paracontact manifold is the hyperbolic Heisenberg group. As a group G (P) = R 2n × R with the group law given by
where p , p ∈ R 2n , t , t ∈ R, p = (u 1 , v 1 , . . . , u n , v n ) and p = (u 1 , v 1 , . . . , u n , v n ). A basis of left-invariant vector fields is given by
with corresponding horizontal distribution D given by the span of the left-invariant horizontal vector fields {U 1 , ...U n , V 1 ...V n , }. We consider an endomorphism on D by defining IU k = V k , IV k = U k , hence I 2 = Id on D and it is a paracomplex structure on D. The formΘ and the para-complex structure I (on D) define a para-contact manifold, which will be called the hyperbolic Heisenberg group. Note that by definition {U 1 , ...U n , V 1 ...V n , ξ} is an orthonormal basis of the tangent space, g(U j , U j ) = −g(V j , V j ) = 1, j = 1, ..., n.
Let {x 0 , y 0 , . . . , x n , y n } be the standard coordinate system in (R 2n+2 , I, g). Consider the hypersurface HS 2n+1 = {(x 0 , y 0 , . . . , x n , y n ) ⊂ R 2n+2 | x 2 0 + · · · + x 2 n − y 2 0 · · · − y 2 n = 1}, HS 2n+1 carries a natural para-CR structure inherited from its embedding in (R 2n+2 , I, g). The horizontal bundle D is the maximal subspace of the tangent space of HS 2n+1 which is invariant under the (restriction of the) action of I. We takẽ
The para-contact conformal curvature tensor W pc defined in [5] is invariant under pc conformal transformations. It is proved that whenever M is pseudo-Riemannian manifold with dimension 2n + 1, n > 1, the following statements are equivalent: i). W pc = 0; ii). M is locally para-contact conformal to the standard flat para-contact hermitian structure on the hyperbolic Heisenberg group G (P); iii). M is locally para-contact conformal to the hyperboloid HS 2n+1 . T heorem 5.6 shows that if the paraSasakian manifold M is with a constant paraholomorphic sectional curvature then W pc = 0 and then it is locally pc conformal to the G (P).
The main purpose of this article is to improve this and showing Theorem 1.1. Let (M, ϕ, ξ, η, g) be a (2n + 1)-dimensional (n > 1) complete simply connected paraSasakian manifold of a constant paraholomorphic sectional curvature k. i). If k = 3, then M is locally isomorphic to the hyperbolic Heisenberg group (G(P), η); ii). If k = 3, then M is locally isometric to hyperboloid HS 2n+1 (k) or M is D-homothetic to hyperboloid HS 2n+1 .
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Almost paracontact manifolds
A (2n+1)-dimensional smooth pseudo-Riemannian manifold M (2n+1) has an almost paracontact structure (ϕ, ξ, η) if it equipped a tensor field ϕ of type (1, 1), a vector field ξ and a 1-form η satisfying the following compatibility conditions If a manifold M (2n+1) with (ϕ, ξ, η)-structure admits a pseudo-Riemannian metric g such that
then we say that M (2n+1) has an almost paracontact metric structure and g is called compatible metric. Any compatible metric g with a given almost paracontact structure is necessarily of signature (n + 1, n).
is non-degenerate on the horizontal distribution D and η ∧ F n = 0.
then η is a paracontact form and the almost paracontact metric manifold (M, ϕ, η, g) is said to be paracontact metric manifold.
Hence, an almost paracontact metric manifold (M 2n+1 , ϕ, η, ξ, g) is an odd dimensional manifold with a structure group U(n, R) × Id,, where U(n, R) is the paraunitary group isomorphic to GL(n, R).
Identities
Let us fix a local coordinates (x 1 , . . . , x 2n+1 ). We shall use the Einstein summation convention. The equations (2.1) and (2.2), in local coordinates, have the expression
Let M (2n+1) with (ϕ, ξ, η) be a paraSasakian manifold. Then we have the following identities ( [12] )
j and ∇ denotes the covariant differentiation with respect to the Levi-Civita connection determined by g. In this case, the vector field ξ is a unit Killing vector field.
From (3.4) and (3.5), we have
Using the Ricci formula, we get [,] denotes the curvature tensor of the connection. From (3.5) and the Ricci identities, we obtain
Paraholomorphic sectional curvature
Let (M, ϕ, ξ, η, g) be a paraSasakian manifold. Let p be any point of M , and D be a subspace of T p (M ), the tangent space of M at p, whose elements are orthogonal to ξ, i.e.
Let u be any unit vector of D i.e. g(u, u) = ε u , where ε u = ±1. By ξ−section, we mean the section determined by ξ and u.
The sectional curvature determined by ξ−section is said to be ξ-sectional curvature. Denoting it by k(ξ, u), we get
Using (3.6) and ε ξ = 1, we get k(ξ, u) = −ε u (g ki η j − g ij η k )u k ξ j u i .
By assumption, g ij ξ i u j = 0 and g ik u i u k = ε u , thus we have k(ξ, u) = −1, and we obtain the following Proposition 4.1. In a paraSasakian manifold the ξ−sectional curvature is always equal to -1.
Next we consider the sectional curvature determined by two orthogonal vectors in D.
If υ be any unit vector (not necessarily in D) such that ϕυ is not isotropic, then ϕυ lies in D, and any element of D can be written in this form.
So we consider the section determined by ϕυ and ϕ 2 υ, which are orthogonal to each other. We call this a paraholomorphic section, and the sectional curvature determined by such a section is said to be the paraholomorphic sectional curvature:
Theorem 4.2. Let (M, ϕ, ξ, η, g) be a paraSasakian manifold of dimension 2n + 1, n > 1. If the paraholomorphic sectional curvature is independent of the paraholomorphic section at a point, then the curvature tensor has form
Proof. From identity (4.11), using (3.6), we have
Now if we assume that k is independent of the choice of paraholomorphic section at p ∈ M , then (4.13) equivalently to
by virtue of (3.9).
Using (4.13) and (4.14), we have
Contacting the last equation with ϕ i m ϕ k l and using (3.6) and (3.8), we obtain ϕ i m ϕ k l R ijhk = 3R ljhm + R lmjh + (k + 2)ϕ hm ϕ jl − (k + 1)ϕ mj ϕ hl − (k − 3)g ml g hj − −2g mj g hl − g jl g hh − (k + 1)η m η j η l η h + kg ih η l η m + (k + 1)g lm η h η j . The skew-symmetric part of the last equation with respect to m and j, and using (3.9), yield
Contacting the last equation with g ml , we have where Ric ij = g kl R kijl is the Ricci tensor. Therefore M is an η−Einstein manifold ( [12] ). Moreover contracting the last equation with g jh , we have (4.17) 2scal = n(2n + 1)(k − 3) + n(k + 1),
where scal = g ij Ric ij is the scalar curvature. On the other hand, from the second Bianchi identity, we get
Substituting (4.16) and (4.17) into (4.18), we obtain
Transvecting (4.19) with ξ i , we have ξ j ∇ j (scal) = 0 and (4.19) implies ∇ i (scal) = 0 (n > 1).
Thus, the paraholomorphic sectional curvature k is a constant.
A paraSasakian manifold is said to be of constant paraholomorphic curvature or paraSasakian space form, if the paraholomorphic sectional curvature is constant on the manifold. We denote a paraSasakian space form by M (k).
The T heorem 4.8 in [12] and T heorem 4.2, we obtain 
The PC-Bochner curvature tensor
We consider the tensor B
where k = − scal−2n 2n+2 . We obtain by straightforward computations from the equation (5.20) we obtain the following 
If (M 2n+1 , ϕ, η, ξ, g) is D-homothetic to (M 2n+1 , ϕ, η, ξ, g) then making use of the formulas (see [12] ) where W pc is the paracontact conformal curvature defined in [5] .
From T heorem 4.2 we obtain the following 
From equalities (5.28) and (5.27), we obtain that B = 0. From M is an η-Einstein manifold, we have that
where a = scal 2n + 1 = const. and b = − scal 2n − (2n + 1) = const. (see [12] ). From equality (5.20) (for the tensor B = 0), we obtain
is a constant.
Proof of Theorem 1.1
Let ∇ be the canonical paracontact connection defined in [12] (6.31)
The torsion of this connection is given by T (X, Y ) = η(X)ϕY − η(Y )ϕX − η(Y )∇ X ξ + η(X)∇ Y ξ + 2dη(X, Y )ξ (6.32) = η(X)ϕhY − η(Y )ϕhX + 2g(X, ϕY )ξ.
On a paraSasakian manifold ∇ has the properties (see [12] ) (6.33) ∇η = 0, ∇ξ = 0, ∇g = 0, ( ∇ X ϕ)Y = 0,
In particulary, from the identities (6.33), we obtain ∇T = 0. The curvature R tensor of ∇ related with the curvature of the Levi-Civita connection R with (6.34) R l ijk = R l ijk + ∇ i ϕ l k η j − ∇ j ϕ l k η i + 2ϕ ij ϕ l k − ϕ l s ∇ j ξ s η i η k + ϕ l s ∇ i ξ s η j η k + +ξ l ∇ i η s ϕ s k η j − ξ l ∇ j η s ϕ s k η i − ξ l R s ijk η s − η k R l ijs ξ s + ∇ j η k ∇ i ξ l − ∇ i η k ∇ j ξ l . From equations (3.4), (3.5) and identities (4.12), (6.34), we obtain (6.35) R mjhl = (k − 3) 4 (g ml g hj − g jl g hm + g hm η j η l + g lj η m η h − g lm η j η h − −g hj η l η m + ϕ hj ϕ ml − ϕ hm ϕ jl + 2ϕ mj ϕ hl ), i). If k = 3, then R mjhl = 0 and Theorem 4.2 of [5] shows that M is locally isomorphic to hyperbolic Heisenberg group (G(P), η); ii). Let k = 3. Note that HS 2n+1 has a constant paraholomorphic section curvature k HS 2n+1 = −1. From equation (6.35), we obtain that (6.36) R HS 2n+1 mjhl = −(g ml g hj − g jl g hm + g hm η j η l + g lj η m η h − g lm η j η h − −g hj η l η m + ϕ hj ϕ ml − ϕ hm ϕ jl + 2ϕ mj ϕ hl ). From properties (6.33) we obtain that (6.37) ∇ R HS 2n+1 = 0
In the other hand, from equation (6.35) we take (6.38) ∇ R = 0
From identities ∇T = 0, (6.37), (6.38) we obtain that M and HS 2n+1 are locally isometric (e.g. Theorem 7.2, p. 259 in [8] ).
